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3. Trigonometric Integrals

Integrating Powers of the Sine and Cosine Functions

Trigonometric identities

1. sin2 𝑥+ cos2 𝑥 = 1 2. sin 2𝑥 = 2 sin𝑥 cos𝑥

3. sin2 𝑥 =
1− cos 2𝑥

2
4. cos2 𝑥 =

1 + cos 2𝑥

2

5. sin𝑥 cos 𝑦 =
1

2
[sin(𝑥− 𝑦) + sin(𝑥+ 𝑦)] 6. sin𝑥 sin 𝑦 =

1

2
[cos(𝑥− 𝑦)− cos(𝑥+ 𝑦)]

7. cos 2𝑥 = 2 cos2 𝑥− 1 = 1− 2 sin2 𝑥 8. cos𝑥 cos 𝑦 =
1

2
[cos(𝑥− 𝑦) + cos(𝑥+ 𝑦)].

    ▲ ◀ ▶ ▼   ■
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Guidelines for Evaluating

∫
sin𝑚 𝑥 cos𝑛 𝑥 𝑑𝑥

1. If the power of the sin𝑥, 𝑚 = 2𝑘+1 is odd and positive, save one sin𝑥 factor and convert the remaining
factors to cos 𝑥. Then, expand and integrate. We assume that 𝑢 = cos 𝑥, then 𝑑𝑢 = − sin𝑥𝑑𝑥.

∫ odd︷ ︸︸ ︷
sin2𝑘+1 𝑥 cos𝑛 𝑥 𝑑𝑥 =

∫ convert to cos 𝑥︷ ︸︸ ︷
(sin2 𝑥)𝑘 cos𝑛 𝑥

save for 𝑑𝑢︷ ︸︸ ︷
sin𝑥 𝑑𝑥

=

∫
(1 − cos2 𝑥)𝑘 cos𝑛 𝑥 sin𝑥 𝑑𝑥

= −
∫

(1 − 𝑢2)𝑘𝑢𝑛 𝑑𝑢

2. If the power of the cos 𝑥, 𝑛 = 2𝑘+1 is odd and positive, save one cos 𝑥 factor and convert the remaining
factors to sin𝑥. Then, expand and integrate. We assume that 𝑢 = sin𝑥, then 𝑑𝑢 = cos 𝑥𝑑𝑥.

∫
sin𝑚 𝑥

odd︷ ︸︸ ︷
cos2𝑘+1 𝑥 𝑑𝑥 =

∫
sin𝑚 𝑥

convert to sin𝑥︷ ︸︸ ︷
(cos2 𝑥)𝑘

save for 𝑑𝑢︷ ︸︸ ︷
cos 𝑥 𝑑𝑥

=

∫
sin𝑚 𝑥(1 − sin2 𝑥)𝑘 cos 𝑥 𝑑𝑥

=

∫
𝑢𝑚(1 − 𝑢2)𝑘 𝑑𝑢

3. If the powers of both the sine and cosine are even and nonnegative, make repeated use of the identities
(3) and (4).

    ▲ ◀ ▶ ▼   ■
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Example 1. Find

∫
cos3 𝑥 𝑑𝑥.

Solution:

∫
cos3 𝑥 𝑑𝑥 =

∫
cos2 𝑥 cos𝑥 𝑑𝑥

=

∫
(1− sin2 𝑥) cos𝑥𝑑𝑥

=

∫
(1− sin2 𝑥) cos𝑥 𝑑𝑥 Let 𝑢 = sin𝑥, then 𝑑𝑢 = cos 𝑥 𝑑𝑥.

=

∫
(1− 𝑢2) 𝑑𝑢

= 𝑢− 1

3
𝑢3 + 𝐶

= sin𝑥− 1

3
sin3 𝑥+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 2. Find

∫
sin5 𝑥 cos2 𝑥 𝑑𝑥.

Solution:

∫
sin5 𝑥 cos2 𝑥 𝑑𝑥 =

∫
sin4 𝑥 cos2 𝑥 sin𝑥 𝑑𝑥

=

∫
(sin2 𝑥)2 cos2 𝑥 sin𝑥 𝑑𝑥

=

∫
(1 − cos2 𝑥)2 cos2 𝑥 sin𝑥𝑑𝑥 Let 𝑢 = cos 𝑥, then 𝑑𝑢 = − sin𝑥𝑑𝑥.

=

∫
(1 − 𝑢2)2𝑢2 (−𝑑𝑢)

= −
∫
(1− 2𝑢2 + 𝑢4)𝑢2 𝑑𝑢

= −
∫
(𝑢2 − 2𝑢4 + 𝑢6) 𝑑𝑢

= −
[
𝑢3

3
− 2𝑢5

5
+

𝑢7

7

]
+ 𝐶

=
−1

3
cos3 𝑥+

2

5
cos5 𝑥− 1

7
cos7 𝑥+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 3. Find

𝜋∫
0

sin2 𝑥 𝑑𝑥.

Solution:

𝜋∫
0

sin2 𝑥 𝑑𝑥 =

𝜋∫
0

sin2 𝑥 𝑑𝑥 sin2 𝑥 =
1 − cos (2𝑥)

2
.

=

𝜋∫
0

1− cos (2𝑥)

2
𝑑𝑥

=
1

2

𝜋∫
0

[1− cos (2𝑥)] 𝑑𝑥
∫

cos (𝑎𝑥) 𝑑𝑥 =
1

𝑎
sin (𝑎𝑥) + 𝐶

=
1

2

[
𝑥− 1

2
sin (2𝑥)

]𝜋
0

=
1

2

[
(𝜋 − 1

2
sin (2𝜋))− (0− 1

2
sin (2(0)))

]

=
𝜋

2
□

    ▲ ◀ ▶ ▼   ■



Trigonometric Integrals c⃝Hamed Al-Sulami 7/18

Example 4. Find

∫
sin4 𝑥 𝑑𝑥.

Solution:∫
sin4 𝑥 𝑑𝑥 =

∫
(sin2 𝑥)2 𝑑𝑥 sin2 𝑥 =

1 − cos (2𝑥)

2
.

=

∫ [
1− cos (2𝑥)

2

]2

𝑑𝑥

=
1

4

∫
[1− cos (2𝑥)]2 𝑑𝑥

=
1

4

∫
[1− 2 cos (2𝑥) + cos2 (2𝑥)] 𝑑𝑥 cos2 (2𝑥) =

1 + cos (4𝑥)

2
.

=
1

4

∫
[1− 2 cos (2𝑥) +

1

2
+

1

2
cos (4𝑥)] 𝑑𝑥

=
1

4

∫
[
3

2
− 2 cos (2𝑥) +

1

2
cos (4𝑥)] 𝑑𝑥

∫
cos (𝑎𝑥) 𝑑𝑥 =

1

𝑎
sin (𝑎𝑥) + 𝐶

=
1

4

(
3

2
𝑥− 2

1

2
sin (2𝑥) +

1

2

1

4
sin (4𝑥)

)
+𝐶

=
3

8
𝑥− 1

4
sin (2𝑥) +

1

32
sin (4𝑥) + 𝐶

□

    ▲ ◀ ▶ ▼   ■
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Integrating Powers and Products of the Tangent and Secant
Functions

Useful trigonometric identity: tan2 𝑥+ 1 = sec2 𝑥

Useful integrals:

1.

∫
sec𝑥 tan𝑥 𝑑𝑥 = sec𝑥+ 𝐶 2.

∫
sec2 𝑥 𝑑𝑥 = tan𝑥+ 𝐶

3.

∫
tan𝑥 𝑑𝑥 = ln ∣sec𝑥∣+ 𝐶 4.

∫
sec𝑥 𝑑𝑥 = ln ∣sec𝑥+ tan𝑥∣+ 𝐶.

To see

∫
sec𝑥 𝑑𝑥 = ln ∣sec𝑥+ tan𝑥∣+ 𝐶.

∫
sec𝑥 𝑑𝑥 =

∫
sec𝑥

sec𝑥+ tan𝑥

sec𝑥+ tan𝑥
𝑑𝑥 (sec 𝑥 + tan 𝑥)′ = sec 𝑥 tan 𝑥 + sec2 𝑥.

=

∫
sec𝑥 tan𝑥+ sec2 𝑥

sec𝑥+ tan𝑥
𝑑𝑥

∫
𝑓 ′(𝑥)

𝑓(𝑥)
𝑑𝑥 = ln ∣𝑓(𝑥)∣ + 𝐶

= ln ∣ sec𝑥+ tan𝑥∣+ 𝐶

    ▲ ◀ ▶ ▼   ■
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Guidelines for Evaluating

∫
tan𝑚 𝑥 sec𝑛 𝑥 𝑑𝑥

1. If the power of the tan 𝑥, 𝑚 = 2𝑘 + 1 is odd and positive, save a sec𝑥 tan 𝑥 factor and convert the
remaining factors to sec𝑥. Then, expand and integrate. We assume that 𝑢 = sec𝑥, then 𝑑𝑢 =
sec𝑥 tan 𝑥 𝑑𝑥.

∫ odd︷ ︸︸ ︷
tan2𝑘+1 𝑥 sec𝑛 𝑥𝑑𝑥 =

∫ convert to sec 𝑥︷ ︸︸ ︷
(tan2 𝑥)𝑘 sec𝑛−1 𝑥

save for 𝑑𝑢︷ ︸︸ ︷
sec𝑥 tan𝑥 𝑑𝑥

=

∫
(sec2 𝑥− 1)𝑘 sec𝑛−1 𝑥 sec𝑥 tan 𝑥 𝑑𝑥 =

∫
(𝑢2 − 1)𝑘𝑢𝑛−1 𝑑𝑢.

2. If the power of the sec 𝑥, 𝑚 = 2𝑘 is even and positive, save a sec2 𝑥 factor and convert the remaining
factors to tan𝑥. Then, expand and integrate. We assume that 𝑢 = tan𝑥, then 𝑑𝑢 = sec2 𝑥 𝑑𝑥.

∫
tan𝑚 𝑥

even︷ ︸︸ ︷
sec2𝑘 𝑥𝑑𝑥 =

∫
tan𝑚 𝑥

convert to tan 𝑥︷ ︸︸ ︷
(sec2 𝑥)𝑘−1

save for 𝑑𝑢︷ ︸︸ ︷
sec2 𝑥𝑑𝑥

=

∫
tan𝑚 𝑥 (1 + tan2 𝑥)𝑘−1 sec2 𝑥 𝑑𝑥

=

∫
𝑢𝑚 (1 + 𝑢2)𝑘−1 𝑑𝑢.

3. If the power of the tan 𝑥 is an even positive and the power of the sec𝑥 is an odd positive convert to
sec𝑥 and use the reduction formula or possibly use integration by parts

    ▲ ◀ ▶ ▼   ■
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Example 5. Find

∫
tan6 𝑥 sec4 𝑥 𝑑𝑥.

Solution:∫
tan6 𝑥 sec4 𝑥 𝑑𝑥 =

∫
tan6 𝑥 sec2 𝑥 sec2 𝑥 𝑑𝑥

=

∫
tan6 𝑥(1 + tan2 𝑥) sec2 𝑥𝑑𝑥

=

∫
𝑢6(1 + 𝑢2) 𝑑𝑢 𝑢 = tan 𝑥 𝑑𝑢 = sec2 𝑥𝑑𝑥.

=

∫
(𝑢6 + 𝑢8) 𝑑𝑢

=
1

7
𝑢7 +

1

9
𝑢9 + 𝐶

=
1

7
tan7 𝑥+

1

9
tan9 𝑥+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 6. Find

∫
tan5 𝜃 sec7 𝜃 𝑑𝜃.

Solution:∫
tan5 𝜃 sec7 𝜃 𝑑𝜃 =

∫
tan4 𝜃 sec6 𝜃 sec 𝜃 tan 𝜃 𝑑𝜃

=

∫
(tan2 𝜃)2 sec6 𝜃 sec 𝜃 tan 𝜃 𝑑𝜃

=

∫
(sec2 𝜃 − 1)2 sec6 𝜃 sec 𝜃 tan 𝜃 𝑑𝜃

=

∫
(𝑢2 − 1)2𝑢6 𝑑𝑢 𝑢 = sec 𝜃 𝑑𝑢 = sec 𝜃 tan 𝜃 𝑑𝜃.

=

∫
(𝑢4 − 2𝑢2 + 1)𝑢6 𝑑𝑢

=

∫
(𝑢10 − 2𝑢8 + 𝑢6) 𝑑𝑢

=
1

11
𝑢11 − 2

9
𝑢9 +

1

7
𝑢7 + 𝐶

=
1

11
sec11 𝜃 − 2

9
sec9 𝜃 +

1

7
sec7 𝜃 + 𝐶.

□

    ▲ ◀ ▶ ▼   ■



Trigonometric Integrals c⃝Hamed Al-Sulami 12/18

Example 7. Find

∫
tan3 𝑥 𝑑𝑥.

Solution:∫
tan3 𝑥 𝑑𝑥 =

∫
tan2 𝑥 tan𝑥 𝑑𝑥 Use tan2 𝑥 = sec2 𝑥− 1 .

=

∫
(sec2 𝑥− 1) tan𝑥 𝑑𝑥

=

∫ 𝑓(𝑥)︷ ︸︸ ︷
tan𝑥

𝑓 ′(𝑥)︷ ︸︸ ︷
sec2 𝑥𝑑𝑥−

∫
tan𝑥 𝑑𝑥 Use

∫
𝑓(𝑥)𝑓 ′(𝑥)𝑑𝑥 =

[𝑓(𝑥)]2

2
+ 𝐶 .

=
tan2 𝑥

2
− ln ∣ sec𝑥∣+ 𝐶∫

tan3 𝑥 𝑑𝑥 =
tan2 𝑥

2
− ln ∣ sec𝑥∣+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 8. Find

∫
sec3 𝑥 𝑑𝑥.

Solution: Notice that

∫
sec3 𝑥 𝑑𝑥 =

∫
sec𝑥 sec2 𝑥 𝑑𝑥 Let

𝑢 = sec𝑥 𝑑𝑣 = sec2 𝑥 𝑑𝑥

𝑑𝑢 = sec𝑥 tan𝑥 𝑑𝑥 𝑣 = tan𝑥

Therefore,∫
sec3 𝑥 𝑑𝑥 = sec𝑥 tan𝑥−

∫
sec𝑥 tan2 𝑥 𝑑𝑥 Use

∫
𝑢𝑑𝑣 = 𝑢𝑣 −

∫
𝑣 𝑑𝑢 .

= sec𝑥 tan𝑥−
∫

sec𝑥(sec2 𝑥− 1) 𝑑𝑥 1 + tan2 𝑥 = sec2 𝑥.∫
sec3 𝑥 𝑑𝑥 = sec𝑥 tan𝑥−

∫
sec3 𝑥 𝑑𝑥 +

∫
sec𝑥 𝑑𝑥 Collect the like integrals.

2

∫
sec3 𝑥 𝑑𝑥 = sec𝑥 tan𝑥+ ln ∣ sec𝑥+ tan𝑥∣ Divide by 2 and add 𝐶 to the right side.∫
sec3 𝑥 𝑑𝑥 =

sec𝑥 tan𝑥

2
+

1

2
ln ∣ sec𝑥+ tan𝑥∣+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Integrals Involving Cotangent and Cosecant

The guidelines for integrals involving cotangent and cosecant would be similar to that of
integrals involving tangent and secant.

Useful trigonometric identity: cot2 𝑥+ 1 = csc2 𝑥

Useful integrals:

1.

∫
csc𝑥 cot𝑥 𝑑𝑥 = − csc𝑥+ 𝐶 2.

∫
csc2 𝑥 𝑑𝑥 = − cot𝑥+ 𝐶

3.

∫
cot𝑥 𝑑𝑥 = ln ∣sin𝑥∣+ 𝐶 4.

∫
csc𝑥 𝑑𝑥 = ln ∣csc𝑥− cot𝑥∣+ 𝐶.

    ▲ ◀ ▶ ▼   ■
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Guidelines for Evaluating

∫
cot𝑚 𝑥 csc𝑛 𝑥 𝑑𝑥

1. If the power of the cot 𝑥, 𝑚 = 2𝑘 + 1 is odd and positive, save a csc𝑥 cot 𝑥 factor and convert the
remaining factors to csc𝑥. Then, expand and integrate. We assume that 𝑢 = csc𝑥, then 𝑑𝑢 =
− csc 𝑥 cot 𝑥𝑑𝑥.

∫ odd︷ ︸︸ ︷
cot2𝑘+1 𝑥 csc𝑛 𝑥𝑑𝑥 =

∫ convert to csc 𝑥︷ ︸︸ ︷
(cot2 𝑥)𝑘 csc𝑛−1 𝑥

save for 𝑑𝑢︷ ︸︸ ︷
csc𝑥 cot 𝑥 𝑑𝑥

=

∫
(csc2 𝑥− 1)𝑘 csc𝑛−1 𝑥 csc 𝑥 cot 𝑥𝑑𝑥 = −

∫
(𝑢2 − 1)𝑘𝑢𝑛−1 𝑑𝑢.

2. If the power of the csc𝑥, 𝑚 = 2𝑘 is even and positive, save a csc2 𝑥, factor and convert the remaining
factors to cot𝑥. Then, expand and integrate. We assume that 𝑢 = cot 𝑥, then 𝑑𝑢 = − csc2 𝑥 𝑑𝑥.

∫
cot𝑚 𝑥

even︷ ︸︸ ︷
csc2𝑘 𝑥𝑑𝑥 =

∫
cot𝑚 𝑥

convert to cot 𝑥︷ ︸︸ ︷
(csc2 𝑥)𝑘−1

save for 𝑑𝑢︷ ︸︸ ︷
csc2 𝑥 𝑑𝑥

=

∫
cot𝑚 𝑥 (1 + cot2 𝑥)𝑘−1 csc2 𝑥𝑑𝑥

= −
∫

𝑢𝑚 (1 + 𝑢2)𝑘−1 𝑑𝑢.

3. If the power of the cot 𝑥 is an even positive and the power of the csc𝑥 is an odd positive convert to
csc𝑥 and use the reduction formula or possibly use integration by parts

    ▲ ◀ ▶ ▼   ■
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Example 9. Find

∫
cot4 𝑥 csc4 𝑥 𝑑𝑥.

Solution:∫
csc4 𝑥 cot4 𝑥𝑑𝑥 =

∫
csc2 𝑥 cot4 𝑥 (csc2 𝑥) 𝑑𝑥

=

∫
(1 + cot2 𝑥) (cot4 𝑥) (csc2 𝑥) 𝑑𝑥

= −
∫

(cot4 𝑥+ cot6 𝑥) (− csc2 𝑥) 𝑑𝑥 𝑢 = cot 𝑥 𝑑𝑢 = − csc2 𝑥 𝑑𝑥.

= −
∫
(𝑢4 + 𝑢6) 𝑑𝑢

= −𝑢5

5
− 𝑢7

7
+ 𝐶

= −cot5 𝑥

5
− cot7 𝑥

7
+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Integrals Involving Sine-Cosine products with different Angles

Useful identities:

1. sin𝑥 sin 𝑦 =
1

2
[cos(𝑥− 𝑦)− cos(𝑥+ 𝑦)]

2. cos𝑥 cos 𝑦 =
1

2
[cos(𝑥− 𝑦) + cos(𝑥+ 𝑦)]

3. sin𝑥 cos 𝑦 =
1

2
[sin(𝑥 − 𝑦) + sin(𝑥+ 𝑦)]

    ▲ ◀ ▶ ▼   ■
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Example 10. Find

∫
sin 4𝑥 cos 3𝑥 𝑑𝑥.

Solution: Use the trigonometric identity sin𝑥 cos 𝑦 =
1

2
[sin(𝑥− 𝑦) + sin(𝑥+ 𝑦)]:∫

sin 4𝑥 cos 3𝑥 𝑑𝑥 =
1

2

∫
(sin𝑥+ sin 7𝑥) 𝑑𝑥

∫
sin (𝑎𝑥)𝑑𝑥 =

−1

𝑎
cos (𝑎𝑥) + 𝐶

= −1

2
cos𝑥− 1

14
cos 7𝑥+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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